Abstract. In this paper, we show that all real zeros of the bilateral Hurwitz zeta function Z(s, a) := ζ(s, a) + ζ(s, 1 − a) with 1/4 ≤ a ≤ 1/2 are on only the non-positive even integers exactly same as in the case of (2 s − 1)ζ(s). We also prove that all real zeros of the bilateral periodic zeta function P (s, a) := Li s (e 2πia ) + Li s (e 2πi(1−a) ) with 1/4 ≤ a ≤ 1/2 are on only the negative even integers just like ζ(s). Moreover, we show that all real zeros of the quadrilateral zeta function Q(s, a) := Z(s, a) + P (s, a) with 1/4 ≤ a ≤ 1/2 are on only the negative even integers. On the other hand, we prove that Z(s, a), P (s, a) and Q(s, a) have at least one real zero in (0, 1) when 0 < a < 1/2 is sufficiently small. The complex zeros of these zeta functions are also discussed when 1/4 ≤ a ≤ 1/2 is rational or transcendental. As a corollary, we show that Q(s, a) with rational 1/4 < a < 1/3 or 1/3 < a < 1/2 does not satisfy the analogue of the Riemann hypothesis even though Q(s, a) satisfies the functional equation that appeared in Hamburger's or Hecke's theorem and all real zeros of Q(s, a) are located at only the negative even integers again as in the case of ζ(s).
one has ζ(σ) < 0 if 0 < σ < 1. Moreover, we have ζ(0) = −1/2 < 0 (see for example [15, (2.4. 3)]). Therefore, from the functional equation (1.1), we have the following.
Theorem A. All real zeros of ζ(s) are at only the negative even integers.
By the Euler product, the Riemann zeta function ζ(s) does not vanish if σ > 1. The functional equation (1.1) implies that ζ(s) does not have zeros when σ < 0 and t = 0. Hence all complex zeros have to lie inside the so-called critical strip 0 ≤ σ ≤ 1. From the functional equation (1.1) and the identity ζ(s) = ζ(s), the non-real (or non-trivial) zeros of ζ(s) are distributed symmetrically with respect to the real line t = 0 and the critical line σ = 1/2. The Riemann hypothesis for the Riemann zeta function ζ(s) is concerned with the locations of these non-real zeros, and states that:
The Riemann hypothesis. All non-trivial zeros of ζ(s) lie on σ = 1/2.
In 1921, Hamburger [4] proved that the Riemann zeta function ζ(s) is characterized by the functional equation (1.1) (see also Siegel [13] and Titchmarsh [15, Section 2.13]).
Theorem B. Let G(s) be an entire function of finite order, P (s) a polynomial, and suppose that
the series being absolutely convergent for σ > 1. Assume that
where g(s) is written by
the series being absolutely convergent for σ < −α for some positive constant α. Then one has f (s) = Cζ(s), where C is a constant.
Hamburger's Theorem is rewritten as that the following conditions characterize ζ(2s) up to a constant factor: (1) With a suitable polynomial P (s), the function P (s)φ(s) is an entire function of finite genus.
The both functions φ(s) and φ(s/2) can be expanded in a Dirichlet series converge in some half-plane. Hecke [5] proved that (3a) can be replaced by (3b) The function φ(s) can be expanded in a Dirichlet series converges somewhere and the only pole allowed for φ(s/2) is s = 1/2. Knopp [6] showed that there are infinitely many linearly independent solutions if we drop the pole condition above.
Bochner and Chandrasekharan [2] studied solutions to functional equation of the form
by considering the general Dirichlet series ψ(s) = ∞ n=1 a n λ −s
n , where a n , b n ∈ C and {λ n } and {µ n } are two strictly increasing sequences of positive real numbers, given separately, and the series have suitable domains of absolute convergence. They showed that the only solutions that can occur are ζ(s), (2 s −1)ζ(s) and (2 1−s −1)ζ(s) under the condition µ n+1 − µ n = 1 for n ≥ n 0 and further restrictions. 
The Dirichlet series of ζ(s, a) converges absolutely in the half-plane σ > 1 and uniformly in each compact subset of this half-plane. Moreover, the Hurwitz zeta function ζ(s, a) is regular for all s ∈ C except s = 1, where there is a simple pole with residue 1 (see for example [1, Section 12] ). Let ϕ be the Euler totient function and χ be a primitive Dirichlet character of conductor of q. And let L(s, χ) := ∞ n=1 χ(n)n −s be the Dirichlet L-function. Then for 0 < r < q, where q and r are relatively prime integers, we have Obviously, we have Li s (1) = ζ(s, 1) = ζ(s). The Dirichlet series of the function Li s (e 2πia ) with 0 < a < 1 converges uniformly in each compact subset of the half-plane σ > 0. Hence the function Li s (e 2πia ) with 0 < a < 1 is analytically continuable to the whole complex plan. Let G(χ) denote the Gauss sum G(χ) := q n=1 χ(n)e 2πirn/q associated to a Dirichlet character χ. Then we have
It should be mentioned that Roy [12] proved that Li σ (z) = 0 for all |z| ≤ 1, z = 1 and σ > 0 (for zeros of the Hurwitz zeta function ζ(s, a) and the periodic zeta function Li s (z), we can refer to [10, Section 1.1]).
1.3.
Main results. For 0 < a ≤ 1/2, the bilateral Hurwitz zeta function Z(s, a) is defined by
Similarly, for 0 < a ≤ 1/2, we define the bilateral periodic zeta function P (s, a) by
Furthermore, for 0 < a ≤ 1/2, define the quadrilateral zeta function Q(s, a) by
In the present paper, we show the following which are analogues of Theorem A.
Then all real zeros of the bilateral Hurwitz zeta function Z(s, a), which has the functional equation
are at only the non-positive even integers.
Then all real zeros of the bilateral periodic zeta function P (s, a) with the function equation
are at only the negative even integers.
Then all real zeros of the quadrilateral zeta function Q(s, a), which fulfills the functional equation
On the other hand, we have the following. Remark. It should be emphasised that (1.7) completely coincides with the functional equation (1.1) if we replace Q(s, a) and Q(1 − s, a) with ζ(s) and ζ(1 − s). Therefore, the function Q(s, a) satisfies the functional equation (H2) but does not expressed as (H1) by Theorem B. Actually, we have
which will be proved in Section 2.1. When 1/4 ≤ r/q ≤ 1/2, where q and r are relatively prime integers, we have
from (1.3) and (1.4). Hence, when 1/4 ≤ a ≤ 1/2 is rational, the function Q(2s, a) satisfies (1) and (2) mentioned in Section 1.1, and (3c) There exists a positive integer q such that q −s φ(s) can be expanded in a Dirichlet series converge somewhere and the only pole allowed for φ(s/2) is s = 1/2.
Obviously, the function Q(s, a) with irrational 1/4 < a < 1/2 can not be written as a Dirichlet series appeared in (H1). Thus the function Q(2s, a) satisfies (1), (2) and (3c') The function φ(s/2) has the only pole at s = 1/2.
On the other hand, we can easily see that Q(s, a) is expressed as a general Dirichlet series and fulfills (1.2). However, the general Dirichlet series of Q(s, a) = ∞ n=1 b n µ −s n does not satisfy µ n+1 − µ n = 1 for n ≥ n 0 .
The proof of the following proposition is written in Section 2.1. [15, Section 10 .25]). Proposition 1.6. Let 1/4 < a < 1/2 be rational = 1/3. Then for any δ > 0, the zeta functions P (s, a) and Q(s, a) have more than C ♭ a (δ)T and less than C ♯ a (δ)T complex zeros in the rectangle 1 < σ < 1 + δ and < t < T if T is sufficiently large. Furthermore, for any 1/2 < σ 1 < σ 2 < 1, the zeta functions P (s, a) and Q(s, a) have more than C ♭ a (σ 1 , σ 2 )T and less than C ♯ a (σ 1 , σ 2 )T non-trivial zeros in the rectangle σ 1 < σ < σ 2 and < t < T when T is sufficiently large.
Moreover, the bilateral Hurwitz zeta function Z(s, a) with transcendental 1/4 < a < 1/2 or rational 1/4 < a < 1/2 with a = 1/3 has the same property above.
As a corollary of Theorem 1.3 and Proposition 1.6, we obtain the following. Corollary 1.7. The function Q(s, a) with rational 1/4 < a < 1/3 or 1/3 < a < 1/2 does not satisfy the analogue of the Riemann hypothesis even though Q(s, a) has the identity Q(s, a) = Q(s, a), the functional equation (1.7), and all real zeros of Q(s, a) are located at only the negative even integers exactly same as in the case of ζ(s).
Remark. All non-real zeros of Q(s, a) are distributed symmetrically with respect to the real line and the vertical line σ = 1/2 just like ζ(s) from the equations (1.7) and Q(s, a) = Q(s, a). Moreover, it is expected that the quadrilateral zeta function Q(s, a) satisfies the analogue of the Lindelöf hypothesis according to the Lindelöf hypothesis for Hurwitz and Lerch zeta functions and Dirichlet L-functions.
Proofs of the Main results

Proof of Proposition 1.5.
Proof of Proposition 1.5 for Z(s, a). When σ > 1, one has
Hence the case a = 1/2 is proved by
Hence we have
Similarly, we have
3)
The equations (2.2) and (2.3) imply Proposition 1.5 for Z(s, a) with a = 1/3, 1/4.
Proof of Proposition 1.5 for P (s, a). Obviously, we have
Hence the case a = 1/2 is shown by
Hence we obtain
Similarly, one has 
The solutions of X 2 − X + 4X −2 − 2X −1 = 0 are
The absolute value of the numbers above are √ 2. Therefore, the all roots of X 2 − X + 4X −2 − 2X −1 = 0, where X := 2 s , are on the line σ = 1/2.
2.2.
Proof of Theorem 1.1. First we shall show the following lemma (see also [10, Theorem 1.2 (2)] and its proof).
Lemma 2.1. When 1/4 ≤ a ≤ 1/2 and σ > 0, one has
Proof. It should be noted that the series ∞ n=1 n −s cos 2πna with 0 < a < 1 converges uniformly on compact subsets in the half-plane σ > 0 by Abel's summation formula (see for instance [7, p. 20] ). For 0 < a < 1 and σ > 0, it is know that (e x − cos 2πa) 2 + sin 2 2πa = e x cos 2πa − 1 (e x − cos 2πa) 2 + sin 2 2πa < 0.
The inequality above and (2.7) imply Lemma 2.1.
Proof of Theorem 1.1. When σ > 1, it holds that
For σ > 1, it is well-known that 
which proves the functional equation (1.5). We remark that the equation above holds for not only σ > 1 but also σ > 0 if 0 < a < 1 by applying Abel's summation formula to the bilateral periodic zeta function P (s, a). On the other hand, it is widely known that Γ(s) is analytic when σ > 0 and
Therefore, all real zeros of Z(1 − s, a) with 1/4 ≤ a ≤ 1/2 and σ > 0 come from cos πs 2 = 0, σ > 0 by (1.5), (2.9) and Lemma 2.1. Hence every real zero of Z(s, a) with 1/4 ≤ a ≤ 1/2 and σ < 1 is caused by
which is equivalent to that s is a non-positive even integer. Hence, for 1/4 ≤ a ≤ 1/2, it holds that
which shows the functional equation (1.6). It is well-known that one has By using (1.5) and (1.6), we have
which implies the functional equation (1.7) . Hence, all real zeros of Q(1 − s, a) with 1/4 ≤ a ≤ 1/2 and σ > 1 come from
by (2.9), (2.12) and (1.7). Thus we only have to show the following.
Lemma 2.2. Let 1/4 < a < 1/2. Then we have
Proof. From Lemma 2.1, one has P (σ, a) < 0 for 0 < σ < 1. On the other hand, we have Z(σ, a) < 0 when 0 < σ < 1 by (1.5), Lemma 2.1 and
Therefore, it holds that Z(σ, a) + P (σ, a) < 0 if 0 < σ < 1. Proof of Proposition 1.4. Let 0 < a < 1/2 be sufficiently small. Then one has
from (2.14). In contrast, we have
by (2.10) and (2.14). Hence, by the intermediate value theorem, there is 1/2 < σ Z (a) < 1 such that Z(σ Z (a), a) = 0. Moreover, from the functional equation (1.6), it holds that
By using (2.15) , the functional equations (1.5) and (1.6), we have Z(1/2, a) = P (1/2, a) > 0 when 0 < a < 1/2 is sufficiently small. Hence one has
On the other hand, we have Q(0, a) = −1 < 0 by (2.13). Therefore, there exists a real number 0 < σ Q (a) < 1/2 such that Q(σ Q (a), a) = 0.
It should be mentioned that one has Finally, consider the case a is transcendental and σ > 1. We can easily see that the set log(n + a) : n ∈ N ∪ {0} ∪ log(n + 1 − a) : n ∈ N ∪ {0} is linearly independent over Q. Hence, by using the Davenport and Heilbronn method (see for example [7, p. 162] ), the bilateral zeta function Z(s, a) has more than C ♭ a (T ) in the rectangle 1 < σ < 1 + δ and < t < T when T is sufficiently large.
